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A method based on sequences is applied to derive inequalities between the
arithmetic]geometric mean of Gauss, the logarithmic mean, and certain other
means. Q 1996 Academic Press, Inc.
1. INTRODUCTION
Let x, y be positive real numbers. The arithmetic]geometric mean of
 .  .Gauss is defined as the common limit of the sequences x , y definedn n
recurrently by
x q yn n
x s x , y s y , x s , y s x y n G 0 . 1 .  .’0 0 nq1 nq1 n n2
 .Let M s M x, y [ lim x s lim y . The mean M was consid-nª` n nª` n
w x w xered firstly by Gauss 8 and Lagrange 9 , but its real importance and
connections with elliptic integrals are due to Gauss. For historical remarks
w xand an extensive bibliography on M, see 4, 2, 16 .
The logarithmic mean and identric mean of x and y are defined by
x y y
L s L x , y [ for x / y , L x , x s x , 2 .  .  .
log x y log y
and
1  .1r xyyx yI s I x , y [ x ry for x / y , I x , x s x , 3 .  .  .  .
e
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respectively. For a survey of results, refinements, and extensions related to
w xthese means, see 5, 10, 1, 11, 12 .
Very recently, by using a variant of L'Hospital's rule and representation
w xtheorems with elliptic integrals, Vamanamurthy and Vuorinen 16 have
proved, among other results, the inequalities
’M - AL 4 .
p
L - M - L 5 .
2
M - I - A 6 .
A q G
M - 7 .
2
2 2 2 2M x , y x q y .
A - - A [ , 8 .(2M x , y 2 .
 .  .  . ’where A s A x, y [ x q y r2 and G s G x, y [ xy denote, as
usual, the arithmetic and geometric mean of x and y, respectively. Here,
in all cases, x and y are distinct.
 . w xThe left side of 5 has been discovered by Carlson and Vuorinen 7 . In
w xa recent note 13 , by using the homogeneity of the above means and a
w xseries representation of M due to Gauss 8 , we have obtained, among
 .  .  .other results, new proofs for 5 , 6 , and a counterpart of 7 ,
’AG - M , 9 .
which shows that, M lies between the arithmetic and geometric means of
A and G.
 .  .  .  .  .The aim of this paper is to deduce new proofs for 4 , 6 , 7 , 8 , and 9
by using only elementary methods for recurrent sequences and, in fact, to
prove much stronger forms of these results.
2. GAUSS' AND BORCHARDT'S ALGORITHMS
 .The algorithm 1 giving the mean M is known as Gauss' algorithm.
w xBorchardt's algorithm is defined in a similar manner 3 by
a q bn n’a s x , b s y , b s xy , a s n G 0 , .0 0 1 nq1 2
b s a b n G 1 .’nq1 nq1 n
NOTE 631
 .  .It can be shown that for x / y, a n G 1 is strictly decreasing, whilen
 .  .b n G 1 is strictly increasing, andn
lim a s lim b s L. 10 .n n
nª` nª`
w xHere L is exactly the logarithmic mean, see 5 . For a new proof of this
w xfact, see 15 . Carlson has proved the important inequality
A q 2G
L - . 11 .
3
 . w xFor a new proof of 11 with improvements, see 14 .
 .We now deduce an important counterpart of 11 due to Leach and
w xSholander 10 :
L3 ) G2A. 12 .
 2 .  .This is based on the sequence b ? a n G 1 , which is strictly increasing.n n
2  . 2 2Indeed, for n G 1 one has b ? a s a b a s a b ) b anq1 nq1 nq1 n nq1 nq1 n n n
2  . .2by a ) a b , i.e., a q b r2 ) a b , which is true. Thusnq1 n n n n n n
b2a ) b2 a ) ??? ) b2 a ) b2a s G2A n ) 2 . 13 .  .n n ny1 ny1 2 2 1 1
 .  .For n ª `, via 10 and 11 one gets
2A q G
3 2L ) G ) G A 14 . /2
 .  .since a s A, b s G, etc. Inequality 14 refines 12 , and, as can be easily1 1
 .seen by 13 , other improvements are also valid.
In what follows, it will be convenient also to introduce the algorithm
p q qn n2 2p s x , q s y , p s , q s p q n G 0 . 15 .  .’0 0 nq1 nq1 n n2
Clearly,
lim p s lim q s M x 2 , y2 . 16 . .n n
nª` nª`
3. MONOTONICITY PROPERTIES AND APPLICATIONS
 .The idea of proving inequalities such as 14 , which is an application of
w xmonotonicity of certain sequences, appears in 14 . The first theorem,
which follows, is well known and can be proved by mathematical induction.
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 .  .  .THEOREM 1. Let n G 1 and x / y . Then the sequences x and an n
 .  .are strictly decreasing, while the sequences y and b are strictly increasing.n n
In fact, one has
0 - y - y - ??? - y - x - x - ??? - x n ) 1 17 .  .1 2 n n ny1 1
0 - b - b - ??? - b - a - a - ??? - a n ) 1 . 18 .  .1 2 n n ny1 1
 .COROLLARY OF 17 . One can write
A q G’AG - M - , 19 .
2
 .  .  .i.e., relations 7 and 9 . Indeed, for n G 2 one has x - x s A q G r2n 2’  .and y ) y s AG . By letting n ª `, we get 19 , with F in place of - ,n 2
but note that actually there are strong inequalities because of M F x - x and3 2
 .M G y ) y . We obtain the following sharpening of 19 :3 2
2’ ’A q G A q G A q G’ ’AG - AG - M - - . 20 .(  /2 2 2
 .Let us now introduce the notation u s x ry and ¨ s a rb n G 0 .n n n n n n
 .Clearly, u ) 1, ¨ ) 1 and u - u , ¨ - ¨ for n G 1, by 17 andn n nq1 n nq1 n
 .18 . On the other hand, a simple computation shows that
1 1
u s u q , n G 0 21 .’nq1 n /2 u’ n
¨ q 1n¨ s , n G 0. 22 .(nq1 2
We now pro¨e that
u F ¨ for n G 1, with equality for n s 1 only. 23 .n n
For n s 1 there is equality, but u - ¨ . We remark that the function2 2’ ’ .  .  .  .f x s 1r2 x q 1r x x ) 1 is strictly increasing, so if we admit that
 .  .  .  .u - ¨ , then f u F f ¨ and u F f ¨ s ¨ q 1 r2 ¨ s’n n n n nq1 n n n
2  .¨ r ¨ - ¨ by 22 and ¨ ) 1, which imply ¨ - ¨ , n G 1. By’ ’nq1 n nq1 n nq1 n
 .induction, 23 is pro¨ed for all n G 1.
2 2  .  .THEOREM 2. Let t s a y rb . The sequence t n ) 1 is strictlyn n n n n
decreasing. One has
x 2 F a ? A n G 1 . 24 .  .n n
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 .Proof. t - t is equivalent to x ry - a rb simple computation ,nq1 n n n n n
 . 2 2 2 2the inequality proved at 23 . Now, by x F a y rb , if we can show thatn n n n
2 2  .  .a y rb F A, inequality 24 is proved. By t F t s A n G 1 , this holdsn n n n 1
true.
COROLLARY OF THEOREM 2. We ha¨e
A q G
2M - A ? L - AL. 25 .(  /2
Indeed, for n ) 4 we ha¨e t - t so for n ª ` one has M 2rL F t - tn 4 4 3
 .  .’s A A q G r2 - A. This yields 25 , which in turn sharpens 4 . We . .
w xnote here that it is known 11 that
A q L ’I ) ) AL 26 .
2
 .  .  .so by 26 , relation 6 is a consequence of 4 .
 .  .  .We now obtain a result concerning the sequences x , y and p ,n n n
 .q .n
THEOREM 3. Let h s q ry , r s p rx , and n G 1. Then then nq1 n n nq1 n
 .  .sequences h and r are strictly decreasing and increasing, respecti¨ ely.n n
Proof. One has h s q ry s q p rx y - q ry iff’nq1 nq2 nq1 nq1 nq1 n n nq1 n
p rq - x ry n G 1 . 27 .  .nq1 nq1 n n
For n s 1 it is true that p rq s A2rA G - ArG s x ry by A - A .2 2 2 1 1 2
 .  .  . Now, since p rq [ s s 1r2 s q 1r s s f s see the’ ’nq1 nq1 nq1 n n n
 .  ..  .proof of 21 and 23 , if we assume relation 27 , by the monotonicity of f
 .  .one obtains f p rq - f x ry , i.e., p rq - x ry , prov-nq1 nq1 n n nq2 nq2 nq1 nq1
 .  .ing 27 and the monotonicity of h .n
 .  .  .For r one can write p rx s p q q r x q y )n nq2 nq1 nq1 nq1 n n
 .p rx , which is equivalent to p rq - x ry n G 1 and this isnq1 n nq1 nq1 n n
 .exactly inequality 27 .
COROLLARY. Since q ry s A and p rx s A, one can deduce that2 1 2 2 1
 .  .p x ) A and q ry - A n ) 1 , pro¨ing with n ª ` relation 8 .nq1 n nq1 n 2
 .1r2  2 .  .Since q ry s AA and p rx s A q A G r A q G , one obtains3 2 2 3 2 2
the refinements
A2 q A G M x 2 , y2 .2 1r2A - - - AA - A . 28 .  .2 2A q G M x , y .
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 .By computing, e. g., q ry and p rx , a new refinement of 28 can be4 3 4 3
deduced.
Certain other properties of the above sequences are collected in
THEOREM 4. Let n ) 1. Then
a p ) x 2 and q ) y2 ; 29 .  .n n n n
b if u s x ry and s s p rq , then s ) u2 . 30 .  .n n n n n n n n
 .  2 2 .  . .2 2 2Proof. a p s x q y r2 ) x q y r2 s x ; q s xy s y . By as-1 1 1 1
 .  .  2 2 . 2suming 29 for n, one has p s p q q r2 G x q y r2 ) x snq1 n n n n nq1
2 2 . .x q y r2 and q s p q ) x y s y , i.e., the properties are’n n nq1 n n n n nq1
 .valid for n q 1 too, so via induction, a is proved.
 . 2  2 2 .  .2b s ) u is true since 2 x q y ) x q y . On the other hand, by1 1
 .  .  .  .u s 1r2 u q 1r u and s s 1r2 s q 1r s and the’ ’ ’ ’nq1 n n nq1 n n
 .  2 .  .  . 2induction step, s s f s ) f u s 1r2 u q 1ru ) u snq1 n n n n nq1
2 2 .  .  .  .1r4 u q 1r u by u y 1r u ) 0. This proves 30 .’ ’ ’ ’n n n n
 .COROLLARY OF 29 . One obtains
M x 2 , y2 G M 2 x , y . 31 .  . .
 2 2 .  .This can be slightly sharpened, since by L x , y s LA, and relations 4
 .and 5 one has
M 2 x , y - L x 2 , y2 - M x 2 , y2 . 32 .  . .  .
 .This result follows also from 28 and inequality A ) M.
Finally, we prove:
 .  .THEOREM 5. Let a s 2 Ar A q G ) 1 . Then for all n G 1 one has
x F a a and y F a b . 33 .n nq1 n n
 .Proof. Let n s 1. Then x s A F a a s a A q G r2, which holds,1 2
by assumption. Similarly, y s G - a b s a G by a ) 1. Assuming now1 1
 .  .  .that 33 is valid, one can write x s x q y r2 F a a q b r2 -nq1 n n nq1 n
 .   ..a a q b r2 s a a see 18 . Analogously, y s x y F’nq1 nq1 nq2 nq1 n n
 .a a b s a ? b . This finishes the proof of 33 .’ nq1 n nq1
 .COROLLARY OF 33 . Letting n ª `,
M F aL for a s 2 Ar A q G . 34 .  .
NOTE 635
 .  .We note that this result cannot be compared with 5 since 2 Ar A q G and
pr2 are not comparable.
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